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Abstract
Critical path generation (CPG) plays a key role in many circuit

timing analysis (CTA) applications. As the design complexity con-

tinues to increase, CPG runtime has become a major bottleneck

in many timing-driven applications. To mitigate this runtime chal-

lenge, several CPU-based algorithms have been introduced by both

the CTA and parallel computing communities, but they remain slow

for large CPG problems. While GPU-accelerated solutions exist,

they are often inexact and incur significant overhead from itera-

tive CPU–GPU data transfers, limiting their practical use in CTA

applications. To overcome this challenge, we propose G-PathGen,

an exact GPU-parallel CPG algorithm targeting CTA applications.

G-PathGen introduces efficient kernel algorithms for generating

critical paths in parallel and dynamically adjusts the generated path

count to maximize GPU utilization while minimizing redundant

work. Compared to a state-of-the-art GPU solution, G-PathGen is

1.6×–243.8× faster when generating one million critical paths on

industrial circuit graphs.
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1 Introduction
Critical path generation (CPG) is a crucial step for circuit timing

analysis (CTA) applications to assess the timing criticality of a cir-

cuit design [5]. As the design complexity continues to increase, the

runtime of CPG has quickly become a bottleneck in many CTA ap-

plications, such as timing-driven optimization and sign-off [37]. To

mitigate this runtime challenge, the CTA community has proposed

several single-threaded CPG algorithms that efficiently generate

top-𝑘 critical paths from a circuit graph, such as branch-and-bound

in iTimerC [66], pin coloring in iitRACE [90], and implicit path

ranking in OpenTimer [42]. To further enhance the performance,

researchers have proposed several multithreaded CPG algorithms,

such as parallel tree contraction [91], hierarchical parallelism in

PeeK [24], and multi-level queue scheduling in PathGen [8]. De-

spite the promising performance, these CPG algorithms are largely

limited to CPU parallelism and remain slow for large CTA prob-

lems. For example, a CPG query of 1M paths on a circuit graph

of 4M gates can take more than three seconds [42], while indus-

trial CTA applications often issue thousands of CPG queries in a

timing-driven optimization loop [89], which easily accumulates to

hours.
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Figure 1: Runtime-accuracy tradeoff of state-of-the-art criti-
cal path generation algorithms in the circuit timing analysis
community.
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To further mitigate this runtime challenge, G-PBA [29] intro-

duced a GPU-accelerated CPG algorithm that iteratively explores

path candidates from a levelized graph structure. To avoid gen-

erating too many paths that may exhaust GPU memory, G-PBA

evaluates path criticality and performs iterative path pruning on

CPU. While G-PBA substantially outperforms CPU-based algo-

rithms, it suffers from three major drawbacks that prevent it from

practical adoption by CTA applications: (1) It does not yield exact

𝑘-critical paths, as early pruning may discard paths that later prove

more critical. (2) It incurs significant overhead due to iterative data

movement between CPU and GPU required by the pruning pro-

cess. (3) Its kernel algorithm is a straightforward extension of the

single-threaded CPG algorithm, which leaves substantial room for

performance improvement.

However, designing an exact CPG algorithm on GPU is very

challenging for three reasons: (1) We need to design a GPU-efficient

data structure to handle parallel path generation. (2) GPU-parallel

path generation can produce a massive number of paths beyond the

GPU memory capability. To avoid this problem, we need a stepping

strategy that can properly control the generated path count per

step. (3) While controlling the generated path count per step helps

alleviate GPU memory pressure, it is important to strike a balance

between parallelism and work efficiency; too few paths underutilize

the GPU, whereas too many result in wasted computation on non-

𝑘-critical paths.

To overcome these challenges, we propose G-PathGen, an effi-

cient GPU-parallel CPG algorithm targeting CTA applications. As

shown in Figure 1, the key novelty of G-PathGen is that it achieves

both exact accuracy and high speed with GPU, unlike many existing

algorithms that compromise one for the other. We summarize three

technical contributions of G-PathGen as follows:

• We design a GPU-efficient data structure for storing a mas-

sive number of paths. On top of this structure, we introduce

a criticality-aware parallel path generation algorithm that pri-

oritizes exploring higher-criticality paths likely to be 𝑘-critical,

while also considering lower-criticality paths when additional

candidates are needed.

• We design a dynamic stepping strategy that carefully controls the

generated path count in each stepping iteration to balance paral-

lelism and work efficiency. The path count grows more rapidly

during early stages to maximize GPU utilization and gradually

slows down near completion to avoid redundant computation.

• We design GPU kernel algorithms for efficient path generation,

including (1) a graph reordering algorithm that improves data lo-

cality by placing simultaneously accessed vertices close together

in memory, and (2) a warp-based exploration algorithm that im-

proves generation efficiency by assigning a group of threads to

collaboratively explore each path.

We evaluate G-PathGen on large industrial circuit graphs and

non-circuit graphs to demonstrate its effectiveness in both CTA

applications and broader domains. Compared to G-PBA [29], G-

PathGen is 1.6×–243.8× faster while producing exact results when

generating one million critical paths on industrial circuit graphs.

We plan to open-source G-PathGen to benefit both the CTA and

parallel computing communities.

2 Preliminaries
2.1 Problem Formulation
In CTA applications, the input circuit is modeled as a directed acyclic
graph (DAG), 𝐺 = 𝑉 , 𝐸, where 𝑉 represents pins of circuit com-

ponents (e.g., logic gates, flip-flops) and 𝐸 represents pin-to-pin

signal connections. Each directed edge 𝑒𝑢𝑣 from vertex 𝑢 to 𝑣 car-

ries a weight𝑤 , representing the signal delay. A path is an ordered

sequence of edges ⟨𝑒1, 𝑒2, ..., 𝑒𝑖 ⟩, and its cost is the sum of edge

weights. Figure 2 shows an example: gate pins are modeled as ver-

tices, signal connections as edges, and pin-to-pin delays as edge

weights. Given 𝐺 and a positive integer 𝑘 , a CPG query returns

the top-𝑘 critical paths in ascending order of path cost. In practice,

such graphs can contain millions of gates, and applications may

query millions of critical paths [42]. Intuitively, smaller path costs

represent tighter timing margins, indicating that the corresponding

paths are more timing-critical and require greater attention from

circuit designers.
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Figure 2: A circuit of two gates and its corresponding DAG.

2.2 GPU-accelerated CPG Algorithm: G-PBA
G-PBA [29] is a GPU-accelerated CPG algorithm built as part of

OpenTimer [42], an open-source timer widely used by the CTA

community. The key building block of G-PBA is the implicit path
representation, which consists of two complementary data struc-

tures: a suffix tree and a prefix tree.
The suffix tree is a shortest-path tree rooted at the destination

(e.g., flip-flop endpoint), serving as the basis for identifying critical

path deviations. Figure 3(a) shows a DAG and its suffix tree. Black

edges are part of the tree; gray edges are not. Numbers on the edge

denote the weights. Numbers inside the vertices are their shortest

distances to the destination (𝑇 ).

The prefix tree captures alternative paths via deviations from

the suffix tree. In Figure 3(b), the root Φ is the shortest path ⟨𝑒𝑆𝐵 ,
𝑒𝐵𝐸 , 𝑒𝐸𝐷 , 𝑒𝐷𝑇 ⟩; other nodes represent deviations. Each starts with

a non-suffix-tree edge, followed by suffix-tree edges. The blue node,

for example, follows 𝑒𝑆𝐴 , then ⟨𝑒𝐴𝐷 , 𝑒𝐷𝑇 ⟩, forming the path ⟨𝑒𝑆𝐴 ,
𝑒𝐴𝐷 , 𝑒𝐷𝑇 ⟩ (Figure 3(c)). Each prefix tree node has a deviation cost,
which is the extra cost compared to the shortest path. In (b), the

“𝑒𝑆𝐴” node has a cost of −5, one unit higher than the shortest path

of −6, resulting in a deviation cost of +1. We refer to generating

child nodes from a node as expansion. We use the terms “deviation

cost/path cost” and “node/path” interchangeably since they are

algorithmically equivalent in terms of critical path ranking. Note

that the negative edge weights in Figure 3(a) arise from the timing-

graph formulation used in CTA. Each edge represents either a signal

delay or an offset introduced to remove clock-path pessimism [55],

where the offset can be negative or positive depending on signal

arrival times.

The prefix tree captures the search space of critical paths, and its

expansion corresponds to exploring new path candidates. G-PBA
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Figure 3: Implicit path representation. Prefix ⟨𝑒𝑆𝐴⟩ + Suffix
⟨𝑒𝐴𝐷 , 𝑒𝐷𝑇 ⟩ = Path ⟨𝑒𝑆𝐴, 𝑒𝐴𝐷 , 𝑒𝐷𝑇 ⟩.

parallelizes expansion by generating each tree level concurrently

on the GPU (Figure 4). At each level, GPU threads discover new

paths in parallel. As shown in Figure 4(a), once the first level (𝑒𝑆𝐴 ,

𝑒𝑆𝐶 , 𝑒𝐸𝑇 ) is generated, G-PBA transfers these paths to the CPU for

sorting and pruning to prevent memory explosion, which discards

less-critical paths (e.g., 𝑒𝑆𝐶 with deviation cost +5 is the least critical
in the current level). In (b), the remaining paths (𝑒𝑆𝐴 , 𝑒𝐸𝑇 ) are sent

back to the GPU to continue exploration at the next level.

As G-PBA explores deeper levels, it improves accuracy but in-

creases runtime. This is called the Maximum Deviation Level (MDL)
heuristic [29], which sets the depth limit to balance performance

and accuracy.
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Figure 4: Illustration of the level-by-level path exploration
strategy of G-PBA. (a) The GPU launches concurrently gener-
ates the level 1 of the prefix tree, and then the CPU evaluates
the criticalities of each path (node) at this level. (b) After
criticality evaluation and pruning, the CPU then transfers
the results back to the GPU to concurrently generate level 2.

Sort and prune (CPU)

CPU–GPU data transfer

Prefix tree expansion (GPU)

8.7%

12.6%

78.7%

Figure 5: Runtime breakdown of G-PBA when MDL = 3 on a
4M-gate circuit (netcard). CPU–GPU data transfer and CPU-
side evaluation take up the majority of the total runtime.

2.3 Limitations of G-PBA
Despite GPU-accelerated expansion, G-PBA has two major draw-

backs: (1) It cannot guarantee exact 𝑘-critical paths due to the MDL

heuristic. As shown in Figure 4(a) and (b), path criticalities are

evaluated only within the same tree level. Thus, paths that belong

to the exact 𝑘-critical set may be pruned prematurely. For example,

as shown in Figure 3(b), the exact 5-critical paths should include

nodes Φ, 𝑒𝑆𝐴, 𝑒𝐸𝑇 , 𝑒𝑆𝐶 , 𝑒𝐴𝐸 , but in Figure 4(a), G-PBA considers

𝑒𝑆𝐶 to be less critical compared to other paths in the same level and

discards 𝑒𝑆𝐶 . As a result, G-PBA becomes inexact. (2) It incurs high

overhead from repeated CPU–GPU transfers. G-PBA offloads each

tree level to the CPU for sorting and pruning, and transfers the

results back. These levels can contain millions of vertices in large

graphs, leading to high CPU processing and data transfer costs.

For example, on a circuit with 4M gates (netcard), Figure 5 shows

CPU-side sort/prune and data transfer take 78.7% and 8.7% of total

runtime.

3 G-PathGen
To overcome the limitations of G-PBA, we propose G-PathGen.

Inspired by the implicit path representation [42], which is widely

adopted bymanyCTA applications [7, 8, 29], G-PathGen runs in two

phases: parallel suffix tree building and parallel prefix tree expansion.
We shall focus on the prefix tree expansion phase as it is the most

time-consuming part that inspires the core novelty of G-PathGen.

3.1 Parallel Suffix Tree Building
This phase builds a shortest-path tree rooted at the destination [42],

providing per-vertex distances for prefix tree expansion. G-PBA

uses Bellman-Ford [84], launching one thread per vertex per iter-

ation. Despite massive parallelism, many threads idle when their

distances are not ready, leading to wasted computation and high

scheduling overhead.

Since circuit graphs are DAGs, we instead apply topological

levelization and process relaxations level by level. We implement

levelization via parallel BFS [57], using shared memory to track

frontiers and reduce global memory contention. The suffix tree

is then constructed by level. Figure 6(a) shows an example graph

with six levels (L0–L5). Figure 6(b) shows that vertices 𝐴, 𝐵, and 𝐹

perform relaxations in parallel. When vertices perform relaxations

on the same vertex, we use atomic operations to avoid a data race.

For example, 𝐴 and 𝐵 atomically update the distance of 𝑆 .
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Figure 6: Illustration of (a) levelization and (b) parallel suffix
tree building.

3.2 Parallel Prefix Tree Expansion
After building the suffix tree, we proceed to expand the prefix tree

in parallel. The goal is to generate critical paths by identifying

deviation edges along each vertex’s shortest path to its destination.

Unlike G-PBA, which cannot generate the exact 𝑘-critical paths due

to premature pruning, we retain a minimal set of generated paths

without sacrificing exactness while dynamically scheduling their

expansion to avoid memory explosion. Specifically, we divide paths

into low- and high-criticality groups and prioritize the expansion

of high-criticality paths, as their expansion is more likely to yield

𝑘-critical paths. We defer the expansion of others, as they may

becomemore critical in later iterations.We use a path cost threshold

𝛼 to divide generated paths into two thread-safe queues: the high-
priority queue (HPQ) for paths with cost ≤ 𝛼 , and the low-priority
queue (LPQ) for those with cost > 𝛼 . We expand paths from the

HPQ until no new ones are added. If the HPQ has fewer than 𝑘

paths, we increase 𝛼 by step size Δ to promote additional paths

from the LPQ. We refer to this design as dual-queue (DQ) scheduling.

Algorithm 1: Expand(pfx, d, HPQ, LPQ, 𝛼)
Input: prefix tree node pfx, destination vertex d,

high-priority queue HPQ, low-priority queue LPQ,
cost threshold 𝛼

Global :array of suffix tree successors succs
1 u← tail[pfx.e];
2 while u ≠ d
3 Parallel Foreach lane ∈ a GPU warp
4 e← fanout of u at position lane
5 if tail[e] == succs[u] then
6 continue;
7 pfx_new← new PfxtNode(pfx, e, pfx.dv + dv of e);
8 cost← compute path cost of pfx_new;
9 if cost ≤ 𝛼 then
10 HPQ.push(pfx_new);
11 else
12 LPQ.push(pfx_new);
13 synchronize all lanes ; // implicit barrier

14 u← succs[u];

Algorithm 1 describes the prefix tree expansion algorithm. Dur-

ing expansion, this algorithm determines the priority of each node

by placing it into different priority groups. We first get the tail

vertex u of the deviation edge from prefix node pfx (line 1) and

traverse the shortest path from u to destination d using the suf-

fix tree successors (lines 2 and 13). At each vertex, unlike G-PBA,

which uses one thread to scan outgoing edges, we use a GPU warp

(line 3:4); All threads (lanes) in the warp simultaneously process an

outgoing edge. We skip suffix-tree edges (line 5:6). For each non-

suffix-tree edge, we create a new prefix node pfx_new, compute its

path cost (line 7:8), and place it in HPQ if cost ≤ 𝛼 (line 9:10), or LPQ
otherwise (line 11:12). After warp synchronization, we traverse to

the suffix tree successor of u (line 14).

Algorithm 2: G-PathGen(k, P, d, HPQ, LPQ, Δ)
Input: path count k, prefix tree P, destination vertex d,

high-priority queue HPQ, low-priority queue LPQ,
cost threshold step size Δ

Output: 𝑘-critical path set

1 tmp← initialize by expanding P.root;
2 sort tmp in ascending order of path cost;

3 HPQ← top 0.5% of tmp;
4 LPQ← bottom 99.5% of tmp;
5 𝛼 ← largest path cost in HPQ;
6 window← HPQ;
7 while true
8 if window size > 0 then
9 Parallel Foreach node ∈ window
10 Expand(node, d, HPQ, LPQ, 𝛼);
11 synchronize all threads ; // implicit barrier

(kernel-level)

12 else
13 if HPQ.size() ≥ k or LPQ is empty then
14 break;
15 𝛼 += Δ;

16 Parallel Foreach node ∈ LPQ
17 cost← compute path cost of node;
18 if cost ≤ 𝛼 then
19 move node to HPQ (atomically);

20 synchronize all threads ; // implicit barrier

(kernel-level)

21 window← get new nodes in HPQ;
22 sort HPQ in ascending order of path cost;

23 return the first 𝑘 nodes of HPQ;

Algorithm 2 describes how G-PathGen interacts with the HPQ

and LPQ to schedule the expansion of generated paths. To ensure

exactness, this algorithm expands any newly added nodes in the

HPQ to find all paths with costs no more than the threshold 𝛼 .

Unlike G-PBA, we do not prematurely prune paths. Instead, we

temporarily keep less critical ones in the LPQ and promote them

later if more candidates are needed.

We first initialize a temporary node array tmp that stores the

nodes expanded from the prefix tree root (line 1) and sort it by path

cost (line 2). We place the top 0.5% of tmp into the HPQ and the

rest into the LPQ. Considering that the HPQ can grow rapidly and
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may generate far more paths than needed, we suggest placing only

a small percentage (e.g., 0.5%, 1%) of tmp into HPQ to start with.

We initialize the path cost threshold 𝛼 to the largest path cost

in HPQ (line 5), as this threshold separates tmp into two prior-

ity groups. We initialize a group of nodes window that is ready

for expansion, which is the entire HPQ (line 6). In the main loop

(line 7:21), if window is non-empty, indicating that we have un-

expanded high-priority nodes, we launch GPU threads to expand

window in parallel (line 9:10). Each expansion may generate new

prefix nodes that are inserted into either HPQ or LPQ depending on

their path costs relative to the current threshold. Here, kernel-level

synchronization is invoked (line 11) to ensure that all expansions

complete before proceeding. If window is empty, indicating that

all high-priority nodes have been expanded, we check termination

conditions: the algorithm stops if we have obtained ≥ 𝑘 nodes

or if LPQ is empty (line 13:14). If termination conditions are not

met, we increase 𝛼 and promote eligible LPQ nodes to HPQ (line

16:19), allowing additional candidate paths to enter the exploration

frontier. Kernel-level synchronization is invoked again (line 20). We

then gather the newly added HPQ nodes, form a new window, and
continue the expansion (line 21). After termination, we sort HPQ
and return the top-𝑘 paths (line 22:23).

Figure 7 illustrates Algorithm 2. For brevity, we show path costs

on the nodes instead of deviation costs. In this example, we set

𝛼 = −3, Δ = 5, and the path count 𝑘 = 10; A prefix tree node that

is associated with edge 𝑒𝑢𝑣 and cost𝑊 is denoted as Pfx(𝑒𝑢𝑣 ,𝑊 ).

We start with three nodes: Pfx(𝑒𝑆𝐴 , −5), Pfx(𝑒𝑆𝐶 , −1), Pfx(𝑒𝐸𝑇 , −3).
Figure 7(a) shows a suffix tree on the left and a DQ scheduler on the

right. Pfx(𝑒𝑆𝐴 , −5) and Pfx(𝑒𝐸𝑇 , −3) enter the HPQ (cost ≤ 𝛼) and

Pfx(𝑒𝑆𝐶 , −1) enters the LPQ. These two HPQ nodes form a group

(dashed box) of nodes that are assigned to two GPU threads. We

refer to this node group as an expansion window (window in short).

Thread 1 (orange) traverses ⟨𝑒𝐴𝐷 , 𝑒𝐷𝑇 ⟩ and generates a new node

Pfx(𝑒𝐴𝐸 , 0), which is outlined in bold lines. Since 0 is larger than the

current threshold 𝛼 , Pfx(𝑒𝐴𝐸 , 0) enters the LPQ. Thread 2 (green)

has no path to traverse since 𝑒𝐸𝑇 already reaches the destination,

so it generates nothing. Since no new nodes enter the HPQ and

fewer than 𝑘 paths have been generated, we increase 𝛼 to promote

some LPQ nodes. As shown in Figure 7(b), increasing 𝛼 by Δ sets

𝛼 = 2. Along with 𝛼 ’s increase, Pfx(𝑒𝑆𝐶 , −1) and Pfx(𝑒𝑆𝐶 , 0) enter

the HPQ. Lemma 1 highlights a key invariant that guarantees the

exactness of G-PathGen.

Lemma 1. G-PathGen only promotes nodes when 𝛼 increases.

G-PathGen maintains this invariant to properly separate high-

and low-priority paths. If 𝛼 is increased without promoting eligible

nodes, or nodes are promoted without updating 𝛼 , the DQ scheduler

becomes ineffective. Now that Pfx(𝑒𝑆𝐶 , −1) and Pfx(𝑒𝑆𝐶 , 0) are

promoted to the HPQ, they form a new window. As shown in

Figure 7(c), thread 1 traverses ⟨𝑒𝐶𝐹 , 𝑒𝐹𝑇 ⟩ and generates two nodes:

Pfx(𝑒𝐶𝐸 , 2), which enters the HPQ, and Pfx(𝑒𝐹𝐸 , 9), which enters

the LPQ; thread 2 traverses ⟨𝑒𝐸𝐷 , 𝑒𝐷𝑇 ⟩ and generates Pfx(𝑒𝐸𝑇 , 3),

which also enters the LPQ. In the HPQ, Pfx(𝑒𝐶𝐸 , 2) itself forms a new

window. Lemma 2 highlights another key invariant of G-PathGen.

Lemma 2. Once a window is formed, G-PathGen will expand all
the nodes in that window until no new windows are formed.

Together, these two invariants ensure that all paths with costs

no more than 𝛼 are found. As a result, once the HPQ holds at least 𝑘

paths, it is guaranteed to contain the exact 𝑘-critical set. Theorem 1

proves the exactness of G-PathGen.

Theorem 1. G-PathGen generates exact 𝑘-critical paths.

Proof. Assume that G-PathGen fails to generate a prefix tree

node 𝑛 with path cost 𝑐 ≤ 𝛼 that is 𝑘-critical. If 𝑛 was in the

HPQ, it must have participated in the final ranking process, which

contradicts the assumption. If 𝑛 was in the LPQ, Lemma 1 ensures

that it must have been promoted to the HPQ because 𝑐 ≤ 𝛼 . By

contradiction, Theorem 1 is correct. □

To discuss the work bound of the prefix tree expansion phase, we

decompose the total cost into (1) per-node expansion work and (2)

scheduler overhead. The total work is proportional to the number

of generated prefix nodes and the cost of expanding each node.

Expansion traverses the suffix tree successor chain from the de-

viation edge’s tail toward the destination; at each visited vertex,

a GPU warp collaboratively scans outgoing edges to enumerate

non-suffix-tree deviation edges. Thus, the per-node expansion cost

scales with the suffix-path length (bounded by the graph diameter)

and the fanout encountered along that suffix path. In addition to

expansion, the DQ scheduler adds sorting overhead: we sort the

root-expanded candidates once during initialization, and we per-

form a single final sort of the HPQ to produce the ranked path

results. The stepping rule (increasing 𝛼 by Δ) controls how many

LPQ nodes are promoted per step, trading off parallelism (window

size) against redundant work (extra generated paths).

3.3 Dynamic Adjustment of Step Size
The step size Δ controls how fast the path cost threshold 𝛼 increases,

which affects the window sizes, thereby impacting the work effi-

ciency and parallelism of G-PathGen. Since paths are generated in

parallel, we want to avoid exceeding 𝑘 too much, so we measure

the work efficiency by the total path count in the HPQ before G-

PathGen stops. We measure parallelism by the window sizes, as

each window is processed by multiple GPU threads. Each update

of 𝛼 is one step.

Figure 8 illustrates the HPQ behavior at Δ = 2 and Δ = 5 with

𝑘 = 5. Δ = 2 (top) generates six paths (only one extra path), which

is work-efficient, but the parallelism is limited (e.g., window size of

two at 𝛼 = −1). In contrast, Δ = 5 (bottom) generates eight paths,

offering more parallelism (e.g., window size of five at 𝛼 = 2), but

less work-efficient. Larger Δ values can cause G-PathGen to gener-

ate many non-𝑘-critical paths. Our experiments show that with a

larger Δ, the total number of generated paths can exceed twice the

𝑘 value for large circuits, leading to very low work efficiency. To

overcome this challenge, we introduce a dynamic stepping strat-

egy that (1) starts with an adequately small Δ to avoid generating

too many non-𝑘-critical paths at early stepping iterations and (2)

dynamically adjusts Δ to control the generated path count per step

while balancing work efficiency and parallelism.

Based on sampled path costs from our graph set, we observe

that the choice of initial Δ depends heavily on graph density. For

example, Δ = 40 is too large for dense graphs, since they tend

to have closely packed path costs (e.g., 0.1, 0.13, 0.19); it creates
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Figure 7: Illustration of parallel prefix tree expansion. Dashed lines group nodes in a window; bold outlines indicate new nodes.
We set 𝛼 = −3, Δ = 5, and 𝑘 = 10. (a) Pfx(𝑒𝑆𝐴, −5) and Pfx(𝑒𝐸𝑇 , −3) enter the HPQ (cost ≤ −3), forming the initial window. Pfx(𝑒𝑆𝐶 ,
−1) enter the LPQ. Expanding Pfx(𝑒𝑆𝐴, −5) yields Pfx(𝑒𝐴𝐸 , 0), which enters the LPQ. (b) HPQ has no new windows, so we increase
𝛼 by Δ, promoting Pfx(𝑒𝑆𝐶 , −1) and Pfx(𝑒𝐴𝐸 , 0) into HPQ. (c) Thread 1 expands Pfx(𝑒𝑆𝐶 , −1), generating Pfx(𝑒𝐶𝐸 , 2) and Pfx(𝑒𝐹𝐸 ,
9); thread 2 expands Pfx(𝑒𝐴𝐸 , 0), generating Pfx(𝑒𝐸𝑇 , 3). Pfx(𝑒𝐶𝐸 , 2) enters HPQ and forms a new window.
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Figure 8: Illustration of work efficiency and parallelism of
G-PathGen. The label under each window (dashed lines) in-
dicates that the window was formed at 𝛼 = 𝑁 .

excessively large windows and may generate too many non-𝑘-

critical paths. In contrast, Δ = 40 is adequately small for sparse

graphs, since they tend to have widely spaced path costs (e.g., 10, 15,

27); it creates windows of moderate sizes and can prioritize paths of

higher criticality. Thus, we define a sigmoid function to determine

the initial Δ:

Δ𝑖𝑛𝑖𝑡 (𝑑) = Δ𝑚𝑖𝑛 +
Δ𝑚𝑎𝑥 − Δ𝑚𝑖𝑛

1 + 𝑒𝑠 (𝑑−𝑑0 )
(1)

We measure the graph density 𝑑 by the average vertex degree of

that graph. Based on sampled graphs, the initial step size Δ𝑖𝑛𝑖𝑡 is
bounded by Δ𝑚𝑖𝑛 = 0.1 and Δ𝑚𝑎𝑥 = 100, with an inflection point at

𝑑0 = 3. This is the inflection point where the sigmoid curve bends.

We set the steepness 𝑠 = 0.8 so that Δ𝑖𝑛𝑖𝑡 drops more quickly as

graph density increases. This avoids excessive path generation on

dense graphs, improving work efficiency. Although this increases

the number of steps on sparse graphs, our experiments show that

the runtime increase is minimal.

To dynamically adjust Δ during execution, G-PathGen checks

the HPQ whenever no new paths are added. If the HPQ has fewer

than 𝑘/2 paths, which indicates slow progress, we multiply Δ by

a tunable parameter𝑚 (default 1.2) to enlarge window sizes and

boost parallelism. Once the HPQ exceeds 𝑘/2 paths, we reset Δ to

Δ𝑖𝑛𝑖𝑡 to slow down path generation and avoid generating too many

non-𝑘-critical paths.

3.4 Graph Reordering

1 4 0 2 1 3 4 5 7 2 5 6 5 7 9 8

0 1 2 3 8 9

…

(a) Adjacency list before graph reordering.

1 4 0 2 3 5 6

0 1 3

…
9

8

93

1 3 4 5 7

2

5 7 9

8 92

2 3 2
(b) Adjacency list after graph reordering.

Figure 9: Illustration of graph reordering. Gray adjacency
lists are accessed together. (a) Before reordering, the adja-
cency lists of vertices 1, 3, and 9 are scattered in memory,
resulting in poor data locality when they are accessed to-
gether. (b) After reordering, the accessed vertices are rela-
beled and placed close to each other (vertices 1, 2, and 3), so
their adjacency lists are contiguous in memory, improving
data locality.

Graph reordering [1, 3, 12, 65, 71, 97, 101] is a widely used tech-

nique that rearranges the vertex layout based on their memory

access pattern to improve data locality. Figure 9 illustrates an exam-

ple of graph reordering. In Figure 9(a), the adjacency lists of vertices

1, 2, and 3 are accessed together, but they are far apart, resulting in

poor memory locality. In (b), after reordering and relabeling vertex

IDs, the adjacency lists of the accessed vertices are placed close

together, improving data locality.

To further enhance the performance of G-PathGen, we reorder

the input graph based on the vertex access pattern to improve data

locality. Although graph reordering algorithms have been exten-

sively studied, we found two major challenges when applying them

to our problem: (1) Existing algorithms are designed for general-

purpose graph applications and do not fully exploit the algorithmic
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structure of G-PathGen. (2) In addition, they treat graph reordering

as a one-time CPU preprocessing step. However, for large CPG

problems, this reordering time can become a bottleneck, as we shall

demonstrate in the later experiment.

Instead of designing yet another vertex reordering algorithm, we

utilize the levelization result from our suffix tree building phase to

assign contiguous IDs to same-level vertices. Since both suffix tree

building and prefix tree expansion access vertices level by level, this

order improves data locality. To minimize the reordering time, we

Algorithm 3: UpdateCSR(new_ids, vs, es, inv_es, u_vs)
Input: new index mapping new_ids, adjacency pointer vs,

adjacency list es, edge-to-head map inv_es, updated
adjacency pointer u_vs

Global :number of edges M, updated adjacency list u_es
(initially empty)

1 Parallel Foreach thread
2 tid ← blockIdx.x × blockDim.x + threadIdx.x;
3 for 𝑖 ←tid to𝑀 by grid_stride do
4 u← inv_es[i];
5 v← es[i];
6 offset← i − vs[i];
7 new_u← new_ids[u];
8 new_e_beg← u_vs[new_u];
9 new_v← new_ids[v];

10 u_es[new_e_beg + offset]← new_v;

introduce a GPU-parallel algorithm (Algorithm 3) to efficiently up-

date the graph’s Compressed Sparse Row (CSR) data structure. We

update vertex positions directly on the GPU without CPU involve-

ment. CSR consists of an adjacency pointer array, an adjacency list,

and a weight array; we omit the weight array here, as it is updated

similarly to the adjacency list. We update the adjacency pointers in

advance using a GPU-parallel prefix scan kernel [87].

In Algorithm 3, we summarize the arrays required for the CSR

update. vs is the adjacency-pointer array, es is the adjacency list,

and inv_es is an inverse map of es constructed during graph input

(mapping each edge index to its head vertex). Using inv_es, given an
edge index, the algorithm retrieves the corresponding head vertex

so it can update that edge’s position in the CSR layout. Each thread

first computes its global index tid (line 1) and then uses a grid-stride

loop to process multiple edges when 𝑀 exceeds the total thread

count (line 3:10). For each edge index, we use inv_es to obtain the

head vertex u (line 4) and read the tail vertex v from es. We then

compute the offset of this edge within u’s neighbor list (line 6),

the new index of u (line 7), and the starting position for writing

u’s neighbors in the updated adjacency list (line 8). Finally, we

compute the new index of v and write it to the updated adjacency

list (line 10).

4 Experimental Results
We implemented G-PathGen in CUDA 12.6 and compiled it with

nvcc on a host compiler of GCC-11.4. We enabled the optimization

flag -O3 and C++20 standard -std=c++20. We ran experiments on

a 64-bit Linux machine with 20 Intel i5-13500 CPU cores at 4.8 GHz

and an Nvidia RTX A4000 GPU of 16 GB RAM. Since G-PathGen

is inspired by CTA applications, we evaluated G-PathGen on six

large industrial circuit graphs, generated by an open-source CTA

tool, OpenTimer [42]. To further evaluate the performance of G-

PathGen on non-circuit graphs, we select four large non-circuit

graphs from DIMACS Graph Challenge [2]. For non-DAG graphs,

we induced a direction for each edge from smaller to larger vertex

IDs, thus avoiding cycles. Table 1 lists the graph statistics. By default,

G-PathGen enables warp-based prefix tree expansion, dynamic Δ
adjustment, and graph reordering for best performance. We validate

the path costs generated by G-PathGen by comparing them against

the exact path costs generated by OpenTimer.We define the average

path cost error (Err𝑎𝑣𝑔) as the average relative difference across all

reported paths. We define the maximum path cost error (Err𝑚𝑎𝑥 )

as the maximum relative difference among all reported paths.

4.1 Baseline Algorithm
We consider G-PBA [29], a state-of-the-art GPU-accelerated 𝑘-

critical path generator targeting CTA applications, as our baseline.

We compare only against G-PBA because it has been shown to be

the most efficient GPU-parallel CPG algorithm in both space and

time and is widely used in many CTA applications [8, 42]. Moreover,

G-PBA is the only GPU-parallel CPG algorithm based on an im-

plicit path representation, where the prefix-tree structure enables

efficient storage of millions of critical paths required by CTA ap-

plications. In practice, this prefix-tree-based exploration has been

observed to outperform several CPU-parallel 𝑘-CPG algorithms

(e.g., Yen and OptYen), making G-PBA a strong and representative

baseline for evaluating GPU-parallel CPG methods.

Despite GPU acceleration, G-PBA is not exact because it relies

on a heuristic called Maximum Deviation Level (MDL) to prune

paths, avoiding memory explosion. Specifically, MDL controls the

maximum depth that G-PBA can explore and can be tuned to bal-

ance performance and accuracy. A higher MDL enables deeper

exploration, potentially improving accuracy at the cost of increased

runtime, and vice versa. Additionally, to avoid exceeding the GPU

memory limit, G-PBA offloads the discovered paths to the CPU at

each level of the search. The CPU sorts and prunes these paths,

retaining only the more critical ones. The selected paths are then

transferred back to the GPU to continue the search. For brevity, we

refer to G-PBA with an MDL of 𝑁 as G-PBA𝐿=𝑁 .

4.2 Overall Performance Comparison
Table 1 compares the overall performance and accuracy between

G-PBA and G-PathGen. It also lists three important graph statistics:

number of vertices (|V|), number of edges (|E|), and graph diame-

ter (|D|). Graph diameter is the longest distance between any two

vertices. Since practical CTA applications often need to analyze

millions of critical paths [42], we set the path count 𝑘 to 1M. To

compare accuracy, we show the average/maximum path cost er-

ror (Err𝑎𝑣𝑔/Err𝑚𝑎𝑥 ) across 1M paths. To compare performance, we

show the runtime for both suffix tree building (Sfxt) and prefix tree

expansion (Pfxt). The total elapsed runtime is the sum of both.

In terms of accuracy, G-PathGen always produces exact path
results. Its Err𝑎𝑣𝑔 and Err𝑚𝑎𝑥 are always 0%. This is because it
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G-PBA [29] G-PathGen

Err𝑎𝑣𝑔 Err𝑚𝑎𝑥 Sfxt Pfxt Total Err𝑎𝑣𝑔 Err𝑚𝑎𝑥 Sfxt Pfxt Total

Graph |V| |E| |D| (%) (%) (ms) (ms) (ms) (%) (%) (ms) (ms) (ms)

c7522 3.8K 152K 71 0.408 3.488 3.9 24260.2 24264.1 0.000 0.000 2.7 (1.5×) 96.9 (250.4×) 99.5 (243.8×)
des_perf 303.6K 12.1M 201 1.693 25.464 267.1 720 987.1 0.000 0.000 23.3 (11.5×) 82.9 (8.7×) 106.2 (9.3×)
vga_lcd 397.8K 15.9M 212 8.741 11.988 364.7 817.9 1182.5 0.000 0.000 23.9 (15.3×) 714.7 (1.1×) 738.6 (1.6×)
leon3mp 3.3M 135M 482 20.354 27.531 12678.9 19196.1 31875 0.000 0.000 107.7 (117.7×) 168.0 (114.3×) 275.7 (115.6×)
netcard 3.9M 159.9M 480 18.004 26.442 17358 225.3 17583.2 0.000 0.000 130.4 (133.1×) 4615.6 (0.05×) 4746.0 (3.7×)
leon2 4.3M 173.1M 503 41.641 53.98 21036.6 238.3 21275 0.000 0.000 146.8 (143.3×) 253.6 (0.9×) 400.4 (53.1×)
ldoor 952.2K 22.7M 6734 1.777 4.079 601.6 29752.4 30354 0.000 0.000 234.6 (2.6×) 188.5 (157.9×) 423.1 (71.7×)
cage15 5.1M 47M 147 0.854 1.391 131 15566.4 15697.4 0.000 0.000 32.4 (4.0×) 90.3 (172.4×) 122.7 (127.9×)
nlpkkt120 3.5M 46.6M 2 0 0.01 7.9 3376.3 3384.2 0.000 0.000 9.8 (0.8×) 211.8 (15.9×) 221.6 (15.3×)
nlpkkt160 8.3M 110.5M 2 0 0.01 18.8 8166.3 8185 0.000 0.000 23.0 (0.8×) 459.8 (17.8×) 482.8 (17.0×)
|D|: graph diameter. Err𝑎𝑣𝑔/𝑚𝑎𝑥 : average/max path cost error. Sfxt/Pfxt: suffix tree building/prefix tree expansion runtime.

Table 1: Overall performance and accuracy comparison between G-PBA and G-PathGen. G-PathGen achieves exact accuracy
and the fastest total runtime across all graphs.

computes a threshold that filters out non-𝑘-critical paths. In con-

trast, G-PBA is not exact. For example, its Err𝑎𝑣𝑔 reaches 20.3%

on leon3mp and 41.6% on leon2. This is because it uses the MDL

heuristic to avoid memory explosion, but it may prune 𝑘-critical

paths and become inaccurate.

In terms of performance, G-PathGen outperforms G-PBA in Sfxt,

Pfxt, or both on most graphs. For example, in Sfxt, G-PathGen is

133.1× and 143.3× faster than G-PBA on netcard and leon2, respec-

tively. This is because G-PathGen’s levelizes the graph first and

visits each vertex exactly once. In contrast, G-PBA visits each vertex

multiple times, leading to many unnecessary updates. In Pfxt, for ex-

ample, G-PathGen is 250.4× and 172.4× faster than G-PBA on c7522

and cage15, respectively. This is because G-PathGen runs mostly on

the GPU with minimal CPU involvement, while G-PBA repeatedly

transfer paths between the CPU and GPU to prune paths, leading

to significant data transfer overhead. G-PathGen’s Pfxt is slower

on some graphs. For example, G-PathGen’s Pfxt is 20× slower on
netcard. This is because G-PBA explores only a few levels of the

path search space before hitting memory limits, resulting in a lower

runtime. However, the generated paths by G-PBA are far from ac-

curate. For example, on netcard, G-PBA’s Err𝑎𝑣𝑔 and Err𝑚𝑎𝑥 are

18% and 26.4%, respectively.

4.3 Analysis of Performance and Accuracy
under Different Path Counts

Figure 10 plots the runtime and average path cost error (Err𝑎𝑣𝑔) at

different path counts (𝑘) on one circuit and one non-circuit graph,

vga_lcd and ldoor. We only plot G-PBA𝐿=2 and G-PBA𝐿=4 because

G-PBA is unable to explore beyond an MDL of four due to memory

constraints. In terms of performance, G-PBA’s runtime remains

nearly constant. For example, on vga_lcd, regardless of𝑘 , G-PBA𝐿=2

and G-PBA𝐿=4 take about 1.1 and 1.2 s; on ldoor, G-PBA𝐿=2 and

G-PBA𝐿=4 take about 1.2 and 5.7 s. This is because G-PBA always

explores a fixed number of levels and paths in the search space.

On the other hand, G-PathGen’s runtime increases along with 𝑘 .

For example, its runtime is about 36 and 200 ms when 𝑘 = 100 and

𝑘 = 100K. This is because it generates only the necessary paths
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Figure 10: Runtime and average path cost error (Err𝑎𝑣𝑔) under
different path counts (𝑘) on vga_lcd and ldoor. Regardless
of the path count, G-PathGen always has no error and the
fastest runtime.

to get the exact solution. As will be discussed in Section 4.6, G-

PathGen generates only slightly more than 𝑘 paths, minimizing its

workload.

In terms of accuracy, G-PBA’s average error generally increases

with 𝑘 . For example, on vga_lcd, G-PBA𝐿=2’s average error in-

creases from 0.7% to 10.3% as 𝑘 increases from 1K to 100K; on ldoor,

it increases from 0.1% to 41.5% as 𝑘 increases from 100K to 1M. This

is because, as 𝑘 increases, the 𝑘-critical paths tend to appear deeper

in the search space, which G-PBA’s limited exploration often misses.

When 𝑘 is small, G-PBA𝐿=2 is more accurate than G-PBA𝐿=4. For

example, on vga_lcd, when 𝑘 = 10, G-PBA𝐿=2 correctly generates

all paths, while G-PBA𝐿=4 has an average error of 2.4%. This is
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because, as G-PBA explores more of the search space, it may prune

an increasing number of 𝑘-critical paths. However, when 𝑘 is large,

G-PBA𝐿=4 is more accurate. For example, at 𝑘 = 1M on ldoor, G-

PBA𝐿=2 has an average error of 41.5% vs. 1.7% for G-PBA𝐿=4. This is

because a higher MDL preserves more late-discovered paths, which

improves accuracy at larger 𝑘 . In contrast, G-PathGen is exact with

0% average error, regardless of 𝑘 . This is because G-PathGen com-

putes a threshold that filters out non-𝑘-critical paths.

4.4 Analysis of Performance and Accuracy
under Different Graph Densities
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Figure 11: Runtime and average path cost error (Err𝑎𝑣𝑔) under
different graph densities on des_perf and cage15. Regardless
of the graph density, G-PathGen is always faster than G-PBA
with no error.

Figure 11 plots the runtime and average path cost error (Err𝑎𝑣𝑔)

at different graph densities in terms of the average vertex degree.

We select one circuit graph and one non-circuit graph, des_perf

and cage15. We generate graphs of different densities by randomly

inserting edges into the selected graphs. We only plot G-PBA𝐿=1

and G-PBA𝐿=2 because G-PBA is unable to explore beyond an MDL

of two due to memory constraints.

In terms of performance on des_perf, G-PBA𝐿=2’s runtime grows

much faster than G-PBA𝐿=1 as the graph becomes denser. For ex-

ample, as the graph density increases from 20 to 60, G-PBA𝐿=2’s

runtime increases from about 397 to 1327 ms, while G-PBA𝐿=1’s

runtime increases from about 101 to 481 ms. This is because G-PBA

frequently sends path results back to the CPU for pruning to stay

within the GPU memory limit. Higher graph density results in the

pruning of more paths, leading to more CPU–GPU data movement

overhead. In terms of performance on cage15, where the graph

densities range from 20–60, G-PBA𝐿=2’s runtime is just slightly

higher than G-PBA𝐿=1’s runtime. For example, at a density of 50,

G-PBA𝐿=1’s runtime is about 14.1 s, while G-PBA𝐿=2’s is about

14.3 s, which is only 1% higher. Since G-PBA𝐿=2 only finds very

few paths at MDL = 2, it processes just slightly more paths than

G-PBA𝐿=1 and runs nearly as fast. In contrast, G-PathGen avoids

repeated pruning by operating only on high-priority paths and

deferring low-priority ones in memory. Therefore, it achieves lower

runtime than G-PBA. For example, at a density of 60 on cage15,

G-PathGen is 75× and 78× faster than G-PBA𝐿=1 and G-PBA𝐿=2,

respectively.

In terms of accuracy, as the graph density increases, G-PBA’s

error drops and then stops improving as much. For example, on

des_perf, when the graph density increases from 10 to 60, G-

PBA𝐿=1’s error drops from around 25% to 8%, and G-PBA𝐿=2’s

error drops from around 20% to 5%; we see similar trends on cage15;

G-PBA𝐿=1’s error drops from around 50% to 9%; G-PBA𝐿=2’s er-

ror drops from around 20% to 9%. This is because denser graphs

have more path candidates, so G-PBA is more likely to retain the

𝑘-critical ones. In contrast, G-PathGen always yields no error, as it

computes a threshold that filters out non-𝑘-critical paths.

4.5 Analysis of Performance and Accuracy
under Different Graph Diameters

|D| <40 40–80 80–160 160–320 >=320

# graphs 2 (2%) 13 (15%) 20 (23%) 31 (36%) 20 (23%)

Table 2: Distribution of graph diameters across 86 real-world
graphs. This distribution shows that the evaluated graphs
cover a wide range of graph diameters.
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Figure 12: Speedup of G-PathGen over G-PBA and Err𝑎𝑣𝑔 of
G-PBA under different graph diameters. The solid black line
in the speedup plot represents a speedup of 1×. G-PathGen is
faster than G-PBA for more than 88% of the evaluated graphs
with no error.

To further study G-PathGen’s speedup over G-PBA and G-PBA’s

accuracy under different graph diameters, we select 86 real-world

graphs from OpenTimer [42] and DIMACS [2], including those

from Table 1. These graphs cover a broad diameter range as shown

in Table 2, highlighting the strengths of G-PathGen across different

graph structures.

Figure 12 plots the speedup and G-PBA’s average path cost error

(Err𝑎𝑣𝑔) across different graph diameters. We omit Err𝑎𝑣𝑔 of G-

PathGen, as it is exact. In the speedup plot, G-PathGen outperforms



ICS ’26, July 06–09, 2026, Belfast, United Kingdom Huang et al.

G-PBA on 76 out of 86 (> 88%) graphs. This is because, unlike

G-PBA, which incurs costly CPU–GPU path transfers, G-PathGen

runs mostly on the GPU with minimal CPU involvement. On a

few graphs with diameters between 100–200, G-PBA’s is faster

because it explores very few paths and stops early. However, G-

PBA’s insufficient exploration often leads to major accuracy loss.

For example, on tv80 (one of the circuit graphs in OpenTimer’s

benchmark set), G-PBA is 16.6× faster but incurs an average error

of 25.1%.

4.6 Work Efficiency Analysis under Different
Step Sizes

We study the work efficiency of G-PathGen under different step

sizes (Δ) on one circuit and one non-circuit graph, netcard and

cage15. Thework efficiency ismeasured in terms of the total number

of generated paths before the algorithm stops. G-PathGen explores

paths while ensuring that whenever the cost threshold 𝛼 is updated,

all the paths with costs ≤ 𝛼 are found. It then increases 𝛼 by a step

size Δ to explore more. Each update of 𝛼 is one step. Similar to

Table 1, we set the path count 𝑘 = 1M.

The choice of Δ is critical, as it affects G-PathGen’s performance

by affecting both the parallelism at each step and the total workload.

A small Δ reduces the total generated path count, but also reduces

the number of concurrently processed paths. A large Δ increases

concurrency, but also increases the total generated path count. We

only study the performance of Pfxt since the Δ values do not affect

the performance of Sfxt. We use small Δ values (2–8 for cage15

and 20–80 for netcard) to better observe how the step count and

workload vary, as larger Δ values group many similar-cost paths

into the same step, leading to a massive generated path count. For

brevity, we denote G-PathGen with Δ = 𝑑 as G-PathGenΔ=𝑑 .

Figure 13(a) plots the Pfxt runtime and the step count of G-

PathGen at different Δ on cage15. In (a), increasing Δ from two to

four reduces the runtime from 85.7 to 68.4 ms. To explain this

improvement, (b) analyzes the workload and step count on G-

PathGenΔ=2 and G-PathGenΔ=4. The Δ = 2 curve shows that G-

PathGen generates about 1.2M paths to find the exact 1M-critical

paths. This is because, although G-PathGen computes a threshold

to filter out irrelevant paths, the threshold is not perfectly tight.

The Δ = 4 curve shows G-PathGen also stops at 1.2M paths. Since

G-PathGenΔ=4 executes fewer steps, it runs faster. However, in-

creasing Δ does not always improve performance. For example,

in (a), increasing Δ from four to six increases the runtime from

68.4 to 108.5 ms. In (b), the curve of Δ = 6 shows that G-PathGen

stops after generating about 2.7M paths due to a larger computed

threshold, leading to higher runtime.

Unlike fixed Δ, the dynamic strategy strikes a good balance

between speed and total workload. In (a), theΔ = dyn bar shows that

G-PathGenΔ=𝑑𝑦𝑛 is 18.2 ms faster (16.8% faster) than the slowest

fixed setting at Δ = 6. In (b), the Δ = dyn curve shows that G-

PathGen stops at about 1.5M paths, which is only slightly more

than the best case of 1.2M paths and far fewer than the 2.7M paths at

Δ = 6. The advantage of the dynamic strategy is even more evident

on the other circuit, netcard: in (d), the Δ = dyn bar shows that G-

PathGenΔ=𝑑𝑦𝑛 stops at about 1.1M paths and is 16 ms faster (27.2%

faster) than the slowest fixed setting at Δ = 20. This is because

G-PathGenΔ=𝑑𝑦𝑛 carefully adjusts Δ during execution: it increases

Δ when progress is slow and reduces it near completion, avoiding

excessive path generation while maintaining speed.

4.7 Effectiveness of Warp-based Expansion
We study the impact of warp-based prefix tree expansion (W-Pfxt)

on the performance of G-PathGen. W-Pfxt assigns an entire GPU

warp to traverse and find path candidates along a path (i.e., expand),

rather than a single thread. Since each path candidate along each

traversal is independent, W-Pfxt concurrently processes multiple

path candidates from a single expansion, which improves search

performance.

Figure 14 compares Pfxt runtime with and without W-Pfxt. W-

Pfxt achieves speedup on all the graphs. For example, it provides a

21% speedup on leon3mp (215 vs. 168 ms) and 14% on leon2 (296

vs. 253 ms). The performance gain is small on some graphs. For

example, the speedup is only 1% on netcard (4537 vs. 4492 ms). This

is becauseW-Pfxt increases thread count and memory traffic, which

can offset its benefits.

4.8 Effectiveness and Efficiency of Graph
Reordering

We compare our GPU-parallel reordering algorithm with Rabbit [1],

Gorder [97], and Corder [12], which represent mainstream cate-

gories of community-based, neighbor-based, and degree-based ap-

proaches. We select the two largest circuit and non-circuit graphs.

Note that since Gorder and Corder do not support weighted graphs,

we convert our graphs to unit weight in this experiment.

Figure 15 plots the runtime breakdown of G-PathGen with dif-

ferent reordering algorithms. The stacked bar segments (from bot-

tom to top) plot the runtimes of three phases in G-PathGen: lev-

elization, Sfxt, and Pfxt, respectively. Reordering improves Sfxt

on some graphs. For example, on netcard, when compared to the

original graph, the runtime improvement is 6.7% with Rabbit, 27.1%

with Gorder, 13.6% with Corder, and 40.4% with our method. Our

method and Gorder outperform Rabbit and Corder by better align-

ing with the level-by-level memory access of Sfxt. Specifically, our

method places same-level vertices adjacent in memory, which di-

rectly matches the access pattern of Sfxt. Gorder does not target

levelized structures but instead clusters vertices with shared in-

coming neighbors, which helps but less directly. Rabbit and Corder

focus on community and workload balancing, which poorly match

Sfxt’s access pattern, resulting in minimal gain.

Pfxt also benefits from reordering on some graphs. For example,

on leon2, the runtime improvement is 5.3% with Rabbit, 75.1% with

Gorder, 20.6% with Corder, and 12.3% with our method. Gorder

achieves the most improvement as it clusters vertices with common

neighbors, which improves locality during edge traversal. Corder

and our method achieve moderate improvements by aligning with

some common memory access behaviors observed in large graphs;

Corder places the high-degree vertices close together in memory,

which benefits Pfxt when many paths contain such vertices; our

method places same-level vertices adjacent in memory, which ben-

efits Pfxt when many threads simultaneously access the same level.

Rabbit offers minimal improvement as Pfxt’s access pattern does

not follow community-like structures.
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Figure 13: (a)/(c) Prefix tree expansion runtime and step count under fixed and dynamic step sizes (Δ) on cage15/netcard. (b)/(d)
Accumulated path count per step under different step sizes on cage15/netcard. The black dashed line represents 𝑘 = 1M. The
dynamic stepping strategy achieves a great balance between speed and work efficiency; it always runs faster than the slowest
fixed Δ setting, and the generated path count does not exceed 𝑘 too much.
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Figure 14: Prefix tree expansion runtime w/ and w/o W-Pfxt.
Assigning a warp to each expansion improves performance
by up to 21% compared to the original approach.

Although Rabbit, Corder, and Gorder improve the performance

of G-PathGen, their reordering time becomes significant on large

graphs and can outweigh the performance gains. Since they are

CPU-based, their reordering time consists of (1) computing a vertex

order and updating the CSR on the CPU, and (2) transferring the

updated CSR to the GPU. In contrast, our algorithm performs only a

GPU-parallel CSR update without CPU involvement (Algorithm 3).

Figure 16 shows that the reordering time of Rabbit, Gorder, and

Corder outweighs their advantages on most graphs. Take leon2

for example, when comparing Figure 16 with Figure 15, Rabbit,

Gorder, and Corder improve G-PathGen by 4.2 ms, 86.1 ms, and

24.9 ms, respectively, but require 5.1 s, 31.3 s, and 489 ms to reorder.

This is because these algorithms require vertex permutations or

clustering to explore data locality, which run slowly on large graphs.

In contrast, our method yields a net performance gain on most

graphs, as the reordering time is much faster yet effective. For

example, on leon2, our algorithm reduces runtime by 27.8 ms while

requiring only 19 ms to reorder, resulting in a net gain of 8.8 ms.

This is because our algorithm leverages the levelization results as

the new vertex order and updates the CSR directly on the GPU,

which avoids both costly vertex permutations and data transfers.

5 Related Work
To quickly generate critical paths, the CTA community has pro-

posed several efficient single-threaded algorithms. iTimerC [66]

proposed branch-and-bound to prune irrelevant paths. iitRACE [90]
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Figure 15: G-PathGen runtime breakdown with different graph reordering algorithms ( Original, Rabbit, Gorder, Corder,
Ours). Stacked bar segments (from bottom to top) plot the runtimes of levelization, suffix tree building, and prefix tree

expansion, respectively. Graph reordering improves the performance of both suffix tree building and prefix tree expansion.
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Figure 16: Graph reordering time of different algorithms ( Rabbit, Gorder, Corder, Ours). Our reordering time only
consists of CSR update on the GPU without CPU involvement.

proposed pin coloring to focus on affected timing regions. Open-

Timer [42] proposed an efficient path representation for fast explo-

ration. Multithreaded algorithms have been introduced to further

enhance CPG performance. Ruppert [91] proposed parallel tree

contraction to extract each path from its corresponding representa-

tion concurrently. PeeK [24] proposed hierarchical parallelism by

distributing shortest-path tasks across computing nodes and cores.

PathGen [8] proposedmulti-level queue scheduling to explore paths

of similar priority in parallel. However, these algorithms are limited

to CPU parallelism and remain slow for large CTA problems.

To address this limitation, researchers proposed GPU-accelerated

algorithms to explore data parallelism during the path generation

process. Singh et al. [94] proposed GPU-parallel shortest-path tree

computation but did not parallelize the most time-consuming path

search. G-PBA [29] maps exploration tasks to GPU threads but

lacks exactness, which limits its adoption in CTA applications. Be-

yond these efforts, most state-of-the-art graph processing frame-

works (e.g., GBBS [21], GAPBS [4], PASGAL [22], and Gunrock [88])

are primarily CPU-oriented and/or focus on Single-Source Short-

est Path (SSSP) workloads, and therefore do not directly support

GPU-parallel 𝑘-shortest or 𝑘-critical path generation. As a result,

GPU-parallel algorithms for 𝑘-shortest or 𝑘-critical path generation

remain scarce.

Regarding graph reordering, mainstream approaches are cat-

egorized into degree-based [3, 12, 101], community-based [1, 71],

and neighbor-based [65, 97]. Degree-based algorithms like HC [3]

and FBC [101] cluster high-degree (hot) vertices to increase cache

utilization. To mitigate load imbalance when grouping hot ver-

tices, Corder [12] balances the number of edges across partitions.

Community-based algorithms assign contiguous IDs to the ver-

tices of the same community to improve data locality. Rabbit [1]

detects communities that map to cache hierarchies to increase hit

rate. SlashBurn [71] decomposes communities to reveal locality

structures. Neighbor-based algorithms evaluate locality based on

the shared incoming neighbors between vertices. Gorder [97] and

ReCALL [65] quantify temporal and spatial locality based on shared

neighbors and perform iterative optimization. While these reorder-

ing algorithms can improve locality, they target general-purpose

graph applications instead of leveraging G-PathGen’s algorithmic

structure. Also, their CPU-based execution can become a bottleneck

for large CPG problems.

6 Conclusion
We have presented G-PathGen, an efficient and exact GPU-parallel

CPG algorithm targeting CTA applications. G-PathGen introduces

efficient kernel algorithms for generating critical paths in parallel

and dynamically adjusts the generated path count to maximize GPU

utilization while minimizing redundant work. Compared to a state-

of-the-art GPU solution, G-PathGen is 1.6×–243.8× faster when

generating onemillion critical paths on industrial circuit graphs.We

plan to integrate G-PathGen into the open-source timing analysis

took, OpenTimer [42], to facilitate more interdisciplinary research
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between the CTA and HPC communities. Inspired by the success

of existing CTA research in leveraging task graph parallelism [6–

11, 13–20, 23, 25–36, 38–54, 56, 58–64, 67–70, 72–83, 85, 86, 92, 93,

95, 96, 98–100, 102], our future work is to further accelerate G-

PathGen using CUDA Graph.
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